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Background

• In late 2019, the city of Wuhan in the province of Hubei, China experienced
an outbreak of Coronavirus Disease 2019 (COVID-19).

• This outbreak quickly spread to all states of China and across the globe, being
declared a pandemic by the World Health Organization (WHO) on 11 March
2020.

• Previous studies of COVID-19 provided the evidence of human-to-human trans-
mission[2, 7, 18].

• Many (preprint) studies investigate dynamics of this pandemic from a global
perspective (see, e.g., [8, 13, 14, 16, 19, 1]).

• Nevertheless, the large variations in both quality and availability of data from
region to region lead us to bulild a new model.



Introduction Model Simulation Conclusion References

Flow diagram

S

Sq

E I

Iq

R
Π

sq(1 − ν(t))qsν(t)

βλ(t)

rβλ(t)

α

iq

γi

γq

µi

µq

Π

d

d d d d

d

Figure: Flow diagram illustrating the disease transitions
among the compartments

where

λ(t) =
I(t)

N(t)
and ν(t) = e−Iq(t)

• S: Susceptible

• Sq : Susceptible,
but in
self-isolation

• E: Exposed

• I: Infected

• Iq : Infected
and Isolated

• R: Recovered
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Model formulation

dS(t)

dt
= Π + qse

−Iq(t)Sq(t)− sq(1− e−Iq(t))S(t)− βλ(t)S(t)− dS(t)

dSq(t)

dt
= sq(1− e−Iq(t))S(t)− qse−Iq(t)Sq(t)− rβλ(t)Sq(t)− dSq(t)

dE(t)

dt
= βλ(t)S(t) + rβλ(t)Sq(t)− αE(t)− dE(t)

dI(t)

dt
= αE(t)− iqI(t)− γiI(t)− µiI(t)− dI(t) (1)

dIq(t)

dt
= iqI(t)− γqIq(t)− µqIq(t)− dIq(t)

dR(t)

dt
= γiI(t) + γqIq(t)− dR(t)

with S(0) > 0, Sq(0) ≥ 0, E(0) ≥ 0, I(0) ≥ 0, Iq(0) ≥ 0, R(0) ≥ 0 and
N(t) = S(t) + Sq(t) + E(t) + I(t) + Iq(t) +R(t)
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Parameters

Table: Parameter descriptions and values

Parameter Description Value Unit Source

R0 The basic reproduction number 5.49 - Estimated
β Disease transmission rate 5.24 1

day
Estimated

qs Rate of release from quarantine 0.5 1
day

Estimated

sq Quarantine rate of susceptible individuals 0.096 1
day

Estimated

α Rate of exposed individuals becoming infected 0.2381 1
day

[12, 6, 15]

γi Recovery rate due to natural immune response 0.111 - Estimated
γq Recovery rate due to hospitalization 0.107 1

day
Estimated

µi Death rate of disease in infectious compartment 0.0096 1
day

Estimated

µq Death rate due to disease in reported infectious compartment 0.004 1
day

Estimated

iq Rate of reported (infected) individuals 0.832 1
day

Estimated

r Reduction rate in transmission due to quarantine 0.011 - Estimated

Π Recruitment rate 2134 Individual
day

[17]

d Natural death rate 0.000023 1
day

[17]

E(0) Initial number of exposed Individuals 142 Individual Estimated
I(0) Initial number of infected Individuals 69 Individual Estimated
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Diseases free equilibrium

One of major concepts in an outbreak is disease free equilibrium (DFE), where the
entire population is susceptible [9, 3].

x∗ = (S∗, S∗
q , E

∗, I∗, I∗q , R
∗) = (S∗, 0, 0, 0, 0, 0).

To obtain the DFE for the system (1), we set the right hand side of the system (1)
to zero and substitute the DFE into the system. Hence, the DFE is given by

x∗ = (S∗, S∗
q , E

∗, I∗, I∗q , R
∗) = (

Π

d
, 0, 0, 0, 0, 0).
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Stability analysis

For stability analysis of the DFE, we employ the next-generation matrix (NGM) [5,
3, 4]. After some calculations the NGM is given by

F(X∗)V(X∗)−1 =

 αβ
(α+d)(iq+γi+µi+d)

β
iq+γi+µi+d

0

0 0 0
0 0 0

 (2)

The spectral radius of the NGM is the basic reproduction number R0 defined to
be the average number of secondary cases arising from an average primary infected
case in an entirely susceptible population. The DFE is locally stable if R0 < 1 [5,
3]. R0 is given by

ρ(FV−1) = R0 =
αβ

(α+ d)(iq + γi + µi + d)

if

iq >
αβ

(α+ d)
− γi − µi − d

then the DFE is locally stable
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Data and model fit

The data are used in the model fit are the cumulative number of cases and the
cumulative number of deaths. The goodness of the fit is measured by computing
the associated relative error of the fit using the formula

min

(∑n
i=1(Ci − Ĉl)2∑n

i=1 C
2
i

+

∑n
i=1(Di − D̂l)2∑n

i=1D
2
i

)
≈ 0.06 (3)

where Ci is the true value of cumulative number of cases and Ĉl is estimated
cumulative number of cases. Di is the true value of cumulative number of deaths
and D̂l is estimated cumulative number of deaths.
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Model fit

Figure: Fitting the model to the data from January 20, 2020 to March 23, 2020 in
Hubei: the cumulative number of (infected) cases and deaths (Parameter values used
are as given in Table 1 ).
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Sensitivity Analysis

In order to determine the set of parameters that are statistically significant with
regard to the number of cumulative infected cases, we conduct a sensitivity analysis
of the model. We utilized a Latin Hypercube Sampling (LHS) and the Partial Rank
Correlation Coefficients (PRCC) method [10].

Parameter PRCC p-value Range

β 0.89 1.2e-104 [1, 10]
qs -0.084 0.15 [0.1, 0.9]
sq -0.45 3.4e-16 [0.01, 0.2]
α 0.23 6.9e-05 [0.05, 0.5]
γi -0.25 1.3e-05 [0.01, 0.2]
γq -0.075 0.2 [0.01, 0.4]
µi -0.052 0.37 [0.001, 0.2]
µq 0.12 0.032 [0.001, 0.2]
iq -0.81 3.1e-70 [0.5, 4]
r 0.69 8.3e-44 [0.001, 0.9]
Π -0.05 0.39 [0.01, 0.1]
d 0.067 0.25 [0.000001, 0.0001]
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Simulation of Self-isolation

Figure: Transitions from the susceptible class to the quarantine class during the
outbreak in Hubei

The self-isolation reduces the contact rate by 98.9%. In addition, when we reduce
the quarantine rate, sq by 10%, the number of cases and deaths would be about
141,090 and 6,562. Similarly, as we increase the quarantine rate, sq by 10%, the
number of cases and deaths would be about 39,334 and 1,829. Thus, 10% change
makes a double change in the number of deaths and cases
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Parameter estimation with Turkish data

We consider data from March 10, 2020 to April 10, 2020, and achieve a fit (see equa-
tion (3)) with approximately 5.9% relative error. We estimate the four parameters
iq , sq , β, and r, which are not only the most significant parameters in the dynamics
of outbreak, but also tend to be specific to each local region. Turkish data in [11]
are used in the estimation. New estimates are as below

Table: Parameter descriptions and values of the model (1) with Turkish data.

Parameter Description Value Unit Source

R0 The basic reproduction number 5.2 - Estimated
β Disease transmission rate 9.98 1

day
Estimated

sq Quarantine rate of susceptible individuals 0.088 1
day

Estimated

iq Rate of reported (infected) individuals 1.8 1
day

Estimated

r Reduction rate in transmission due to quarantine 0.15 - Estimated

Π Recruitment rate 3827 Individual
day

[17]

d Natural death rate 0.000016 1
day

[17]

E(0) Initial number of exposed Individuals 6 Individual Estimated
I(0) Initial number of infected Individuals 2 Individual Estimated
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Simulation of self-isolation

The efficiency of quarantine also seems to be very good in Turkey, given the approx-
imately 85% reduction in the contact rate of COVID-19 obtained by our parameter
estimation. On the other hand, the quarantine rate is about 0.088, which is small
when compared with the quarantine rate in Hubei (the rate was 0.096). This may
provide some insight into why the contact rate is higher in Turkey when compared
to the contact rate in Hubei.
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Simulation, effect of self-isolation and the number of tests on the
cumulative number of cases

One of novels of our model is indirectly to quantify the number of tests by using the
parameter iq . It is yet possible to increase the quarantine rate sq and the number
of COVID-19 tests given each day by increasing the rate of reported cases iq in
Turkey to see the effect of reduction in the number of cases and deaths.

Figure: Cumulative number of (infected) cases depending on different quarantine rate sq
and rate of reported cases iq . The left plot shows the cumulative number of cases
between day 1 to day 40, and right plot shows the cumulative number of cases between
day 1 to day 150 in the outbreak in Turkey.



Introduction Model Simulation Conclusion References

Simulation, effect of self-isolation and the number of tests on the
cumulative number of deaths

Figure: Cumulative number of deaths depending on different quarantine rate sq and rate
of reported cases iq . The left graph shows the cumulative number of deaths between
day 1 to day 40, and right plot shows the cumulative number of deaths between day 1
to day 150 in the outbreak in Turkey.
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Simulation of the peak
The peak of the outbreak in Turkey is also very sensitive to the quarantine rate sq
and the rate of reported cases iq . Depending on the change in quarantine rate and
the rate of reported cases iq , the peak of outbreak in Turkey can be seen between
the day 42 (April 20,2020) and day 48 (April 26, 2020), and the outbreak will almost
die out by the day 150 (at the end of July 2020, see Figure 11).

Figure: Projected (simulated) peak of outbreak in Turkey depending on different
quarantine rate sq and rate of reported cases, iq .
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Conclusion

• Our analysis suggests that quarantine greatly reduced the number of cases and
deaths as seen in Hubei’s COVID-19 outbreak. In addition, while quarantine
does not appear in the representation of R0, it still indirectly reduces R0. Our
sensitivity analysis also indicated that the dynamics of the outbreak are very
sensitive to the quarantine rate sq .

• Increasing (or decreasing) the speed of movement from the susceptible class to
the quarantine class by about 10% would double (or half) the number of cases
and deaths due to the outbreak (This speed of movement is the rate sq).

• Of course, the efficiency of a quarantine (i.e., the level of social distancing) is
also very important. In our model, the efficiency of the quarantine is measured
by the reduction rate r. Our sensitivity analysis confirmed that this parameter
is very important (see Figure 6).

• Another important parameter that plays a crucial role in the dynamics of the
outbreak is the rate of reported cases iq which is directly related to the number
of tests given to detect infected individuals.
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